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Since the buoyancy term is a very large part of the pressumadmy of our problems constituted by
the buoyancy term. Since this term

Consider a component of pressure which results from the mogyi@rm:
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This expression is valid for a flat Earth with a constant dggavector. On a spheroidal Earth the
gravity vectorg points towards the centre of the Earth, a direction whichoisim general aligned
with the z-axis. Now if we writeq for the local upward unit vector we can reformulate this diquea
on the sphere as:

qa-Vp, =q-pg (2)
If we now write M; for some space of test functions and integrate over an elefhenith boundary
I'. we can produce a weak form in the conventional way:

Miq- VppdV = / Miq- pgdV 3
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Assume for the moment thag is represented in some continuous trial space. Then we fuottise
discontinous discretisation of the left hand side. Integgaby parts twice we have

/ M;q - VppdV = / M;iq - VppdV — / M;q - n[py}dl (4)
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wheren is the element boundary outward normal &néhdicates the jump across the element bound-
ary. Various choices of jump condition are possible. Thdreehaverage is:
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wherep™ is the value ofp, in this element at the boundary apff® is the value in the adjacent
element or on the domain boundary as appropriate. One mighitcansider—q as an advecting
direction and calculate an upwinded jump condition:

ps] = (01" — pp™") (6)
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whereupw is the value of they, on the upper side of the face. Note that this expression @ aer
downwind boundaries.

In equation (4), we choose the upwinded method which reftaetdirection of information propaga-
tion in the buoyancy term.

Having foundp;, we in this way, we now move to discretise the buoyancy and &ooy pressure
terms in the momentum equation:

—Vp, + pg (7)
It will be useful to consider this expression in terms of itical and horizontal components. Once

again we encounter the complications presented by theisphBarth representation. The objective
is to express this term in a manner which shows that vertmalponent exactly cancels.

Define a rotation matrix?, which map<0,0, 1) to q:

0 0 0
R,=10 0 0 (8)
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by choosing an orthonormal basis orthogonaljtove can likewise construct a rotation matrix to
extract the horizontal terms:
tl:p tly tlz
Rh = |t2 t2y ta: (9)
0 0 0

The full rotation matrixR = R, + R), then maps the local orientation to a space in whitl, 1) is
up. Note than sinc& is a unitary matrixR* R = 1.

If we produce a weak formulation of (7) with respect to the neotam basis functiond/; and inte-
grate by parts twice we have:

/ Ny (=Vpy 4 pg) dV = [ Ny (=Vpy + pg) dV — / BN, [p)dT (10)
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recall thatpg is continuous and so integrating by parts results in no juenmt Now applying the
rotation matrices this expression becomes:
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Once again we need to choose the discretisations to be usthe jamp conditions. Consider first the
vertical terms, in this case we choose the upwind schemdf(@p further require that the function

space supported hy; is a subspace of that supported ky then it follows from (4) that the vertical

terms cancel exactly.

In the case of the horizontal terms, there is no obvious ughdirection so the central difference jump
formulation (5) is employed.

As an implementation detail, it is useful to note that:

T Qeqz 4z9y Gz9:
R'R, = | @0 @y Qq- (12)
q=9: 4:49y 4292
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By applying the substitiok™ R, = I — RT R, it is therefore possible to avoid the need to construct
the tangent entries iRy,. The final version of the expression for the buoyancy pressutherefore:
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